Neutral coated inclusions do not perturb a uniform electric field when they are inserted into a homogeneous matrix. While the coated inclusions can have a variety of shapes to be neutral only to a single field, they should be either concentric ellipses or confocal ellipsoids to be neutral to all directions of uniform fields. In this paper we construct non-elliptical coated inclusions that are neutral to all uniform fields in two dimensions, assuming that the flux on the core's boundary can be actively chosen dependently on the applied uniform field. With such neutral inclusions we can make non-elliptical cylindrical neutral inclusion in three dimensions. Our derivation is based on the complex analysis method including the conformal mapping technique for the quasi-static potential problem. Based on the complex analysis method, we also construct various shapes of E Ω -inclusions.
Introduction
Most conducting objects placed in uniform applied fields disturb them and the resulting fields are generally not uniform either inside or outside the objects. Some coated inclusions, however, do not disturb the exterior uniform field, and these are denoted as neutral inclusions. Once one has found a neutral inclusion, one can continue to add similar inclusions, of possibly different sizes, to the background matrix without altering the exterior applied uniform field [7] . In this way it becomes possible to construct a composite, consisting of multiple inclusions and a background matrix, whose effective property exactly coincides with that of the matrix. Two-dimensional conductivity problems can equivalently be considered as anti-plane elasticity problems. Well-known examples of neutral inclusions are assemblages of coated disks, spheres, ellipses, or ellipsoids [7, 8] . Appropriately coated ellipses and ellipsoids are made neutral to all uniform applied fields by choosing the (possibly anisotropic) material parameters of the core, shell and the matrix [15] , and they are the only shapes of coated inclusions which are neutral to all uniform fields [13] . However, the coated inclusions can have a variety of shapes when they are neutral only to a single field. The concept of neutral inclusion has been extensively studied, especially for designing an invisibility cloaking structure with metamaterials. For example, Zhou et al. constructed coated spheres or multilayer spheres that are transparent to acoustic waves, elastic waves, or electromagnetic waves [21, 22, 23] .
Non-elliptic inclusions which are neutral to a given uniform field have been developed by several groups. Milton and Serkov constructed various shapes of neutral inclusions with cores of perfectly conducting or insulating material in two dimensions by using conformal mappings [17] , and Jarczyk and Mityushev extended this work to cores of finite conductivities [9] . More results and references can be found in [6] . Each coated inclusion derived in [17, 9] is neutral for one given applied loading.
In this paper, we construct coated neutral inclusions of non-elliptical shapes in two dimensions that can be neutral to any uniform background field. We assume that the flux can be assigned on the core's boundary, responding actively to the exterior loading. As a result, the constructed active coated inclusions are neutral to all uniform loadings even though they are not confocal ellipses. One can interpret this problem as active cloaking since the pair of inclusions, with the boundary flux condition chosen dependently on the direction of the background field, is not detectable by an outside measurement. We also show that one can make non-elliptical cylindrical neutral inclusions in three dimensions using the constructed two-dimensional neutral inclusions.
Our study of active neutral inclusions is based on complex analysis. More precisely, we apply the conformal mapping method in [17] to derive a suitable potential function in a doubly connected domain. This method is a powerful tool to solve two-dimensional potential problems in coated inclusions. As the second subject of this paper, we construct E Ω -inclusions using this complex analysis method.
As mentioned before, the total field perturbed due to the presence of conducting objects is not generally uniform inside the objects. There are certain shapes of inclusions inside which the induced field, subject to a given uniform loading, is uniform. Eshelby showed that an ellipse or an ellipsoid satisfies the uniformity property and conjectured the following: if an inclusion satisfies the uniformity property, then it should be an ellipse or an ellipsoid [4, 5] . This conjecture was proved to be true within the class of simply connected domains [20, 19, 14] . We denote E-inclusion for an inclusion satisfying Eshelby's Uniformity Property with the whole space as the background and E Ω -inclusion for an inclusion with a bounded conducting object, say Ω, as the background. Finding E-or E Ω -inclusions is an important problem with practical applications for finding composites inducing small internal stresses. See [10, 16] for more results on E-inclusions and their relation to the classical Newtonian potential problem.
Non-elliptic shapes of E-inclusions have been studied using a variety of approaches. Kang, Kim and Milton constructed non-elliptic shapes of E-inclusions with two components, in two dimensions, using a hodograph transformation [11] . Liu proved the existence of multiply connected E-inclusions by a variational approach and proposed a numerical scheme to compute the special inclusions which satisfy the variational problem [16] . Various E Ω -inclusions are constructed in [12, 2] .
The remainder of this paper is organized as follows. In section 2 we consider the cylindrical coated inclusion in three dimensions and reformulate it as a two-dimensional problem. In section 3 we make neutral inclusions where we can change the interior flux actively according to the exterior field. In section 4 we apply a similar method to the one used in section 3 to derive E Ω -inclusions.
Neutral cylindrical inclusions in three dimensions
We consider a cylindrical region (Ω \ D) × R, where Ω and D are simply connected planar domains satisfying D ⊂ Ω. We set Θ = Ω \ D and denote the conductivity in the coating phase Θ × R by
The matrix σ is assumed to be real symmetric and positive definite, where σ 11 , σ 12 , σ 22 are constants. The coefficients σ 13 , σ 23 , σ 33 are functions depending only on (x 1 , x 2 ) that will be determined later. The core D × R is insulated, and the exterior region R 3 \ (Ω × R) is occupied by a homogeneous material with conductivity σ 0 , which is possibly anisotropic such that
The quasi-static electric potential associated with the described conductivity profile is governed by the equation
where ϕ 0 and ϕ are potential functions in R 3 \(Ω×R) and in Θ×R, respectively, and n = (n 1 , n 2 ) is the unit outward normal vector either to ∂Ω or to ∂D. We set e = (e 1 , e 2 , e 3 ) and j = (j 1 , j 2 , j 3 ) to be the electric field and its associated current field in the coating phase Θ×R. The constitutive relation between them is
Our aim is to construct a pair of simply connected domains (Ω, D), as well as the coating phase conductivity σ, that is neutral to an applied linear potential: there is a solution to (2.1) of which ϕ 0 is the applied linear potential function. For ease of notation we write
In view of the cylindrical structure of the coating phase we assume
Normalization of σ via a linear transformation
Since σ is a real symmetric positive matrix, so is the submatrix (σ ij ) 2 i,j=1 of σ. Hence, it admits the singular value decomposition as follows:
with some constants λ 1 , λ 2 > 0 and a constant orthogonal matrix U, i.e., U T U = UU T = I 2 .
Here, I 2 is the 2 × 2 identity matrix. We define F : R 3 → R 3 to be the linear transformation given by F x = DF x, where the Jacobian matrix DF of F is
The first 2 × 2 submatrix of σ becomes isoptropic via the transformation F . We denote the transformed space and the potential function in the coating phase by Θ = {F 2 (y) : y ∈ Θ} and ϕ(η) = ϕ • F −1 (η) for η ∈ Θ × R. We similarly define Ω, D, ϕ 0 , ψ, and ψ 0 . Since F changes only the first two variables, it holds
The problem (2.1) becomes
2 n . One can easily see that
and
It is straightforward to see that
We set e = ( e 1 , e 2 , e 3 ) and j = ( j 1 , j 2 , j 3 ) to be the electric field and its associated current field in the coating phase Θ × R. The constitutive relation is now ∇ · j = 0, j = σ e, e = −∇ ϕ.
(2.14)
From (2.8), (2.11) and (2.14), it is straightforward to see that
16)
From the zero flux condition on the core's boundary ∂ D × R, it holds that
Two-dimensional formulation
We may further specify the material parameters (σ 13 , σ 23 , σ 33 ) with which the problem (2.10) admits a two-dimensional formulation.
To put it briefly, we give further assumptions for (σ 13 , σ 23 , σ 33 ) in relation to a given mean zero function g on ∂ D and the first 2 × 2 submatrix of σ. First, we set
We then set σ 33 such that
where C is a constant satisfying
The above equation is equivalent to h 2 1 + h 2 2 < σ 33 , which implies positiveness for σ. Note that the defined parameters (σ 13 , σ 23 , σ 33 ) are independent of η 3 .
Assuming (2.19)-(2.21), it holds from (2.14), (2.16) and (2.17) that j 3 = const. and ∆ ψ = −∇ · ( e 1 , e 2 ) = 0 in Θ.
Using (2.16), (2.18) and (2.20), we have
We remind the reader of the boundary relation (2.13). Furthermore, it holds from the boundary condition on ∂ Ω of (2.20) that
Hence, ( ψ, ψ 0 ) satisfies
where ψ 0 is a linear function given by (2.9). The problem (2.22) with (2.9) is overdetermined so that there exists a solution only for certain pairs of regions ( Ω, D) and g. It turns out that the following holds (see section 3.2): for a given 2 × 2 real symmetric positive constant matrix σ aniso 0 and a simply connected domain Ω, we can construct D such that ( Ω, D) is neutral to a given uniform field of arbitrary direction, with g chosen dependently on the uniform field direction.
As a result, we can construct a cylindrical inclusion of non-elliptical shape with anisotropic conductivity σ, whose first 2 × 2 submatrix is an arbitrary real symmetric positive matrix and Ω is an arbitrary simply connected domain, which is neutral to one given uniform field. We choose (σ 13 , σ 23 , σ 33 ) to satisfy (2.20) and (2.21).
In the case when the pair of regions ( Ω, D) admits a solution for the two-dimensional problem (2.22) with g ≡ 0, then the corresponding neutral cylindrical
Construction of non-elliptical neutral coated inclusions in two dimensions
In this section we consider the two-dimensional problem (2.22) . For simplicity, we remove the tilde sign. In particular, we let Ω and D be simply connected planar domains such that D ⊂ Ω. The core region D is surrounded by a homogeneous isotropic coating Θ := Ω \ D which has the conductivity σ 1 I 2 . The exterior region R 2 \ Ω is occupied by another homogeneous material, possibly anisotropic, with the conductivity
We consider the following two-dimensional problem:
where n is the unit outward normal vector either to ∂Ω or to ∂D and g is a given mean zero function on ∂D.
For a given Ω, we will construct the core D and the boundary flux g such that the associated exterior field is uniform in R 2 \ Ω, i.e.,
with some constants e 1 , e 2 . We denote the uniform electric field and its associated current field by e 0 = (e 1 , e 2 ) = −∇ϕ 0 , j 0 = (j 1 , j 2 ) = σ 0 e 0 .
We also set the complex numbers e 0 = e 1 + ie 2 and j 0 = j 1 + ij 2 .
Complex potential formulation
First, we reformulate the overdetermined problem (3.1)-(3.3) in terms of complex analytic functions by using the fact that the potential function ϕ 1 in the coating phase Θ is harmonic. We apply the complex potentials approach in [17] , where a free-boundary problem similar to (3.1) was considered. In [17] , neutral coated inclusions were constructed when D is either a hole or a perfect conductor. We identify the two dimensional real vector x = (x 1 , x 2 ) with the complex number z = x 1 + ix 2 . The potential ϕ 1 admits a complex analytic function
We denote by t the tangential vector either on ∂Ω or on ∂D. The boundary flux conditions of ϕ 1 imply that ∇ϕ 1 (x) · n = g(x)/σ 1 on ∂D and ∇ϕ 1 (x) · n = −j 0 /σ 1 · n = (−j 2 , j 1 )/σ 1 · t on ∂Ω. From the Cauchy-Riemann equations that hold for complex analytic functions, it follows ∇ψ 1 (x) · t = ∇ϕ 1 (x) · n on ∂Ω, ∂D.
Therefore, the following relations holds:
where the constant term in ψ 1 is neglected without loss of generality. One can easily deduce from the boundary condition ψ 1 on ∂Ω and the uniform potential constraint (3.3) that
where g and h are complex constants determined by the uniform electric field e 0 via
Note that the electric and current fields can be reversely related to g and h via
Since Θ is a doubly connected region, there is a conformal mapping from an annulus to Θ. We set the annulus have the outer radius 1 and inner radius r, 0 < r < 1, then the conformal mapping admits a Laurent series expansion
where the coefficients a n 's are determined by Θ. Since w is analytic in Θ, it also admits a Laurent series expansion
where the coefficients b n 's are determined to satisfy the boundary constraints. By substituting the formal series expansions (3.8) and (3.9) in the place of z and w in (3.5), with |p| = 1, we obtain the relation b n = ga n + ha −n , n ∈ Z. (3.10)
Based on the derived relations, one can construct active neutral inclusions as follows: we first choose coefficients a n 's and, then, determine b n 's to satisfy (3.10) . Then, we define the pair of inclusions (Ω, D) and the boundary flux g on ∂D as
As long as z(p) and w(p) converges to an analytic function in Θ, (Ω, D) satisfies the desired uniform property. 8
Neutral coated inclusion with Ω of arbitrary shape
Let us now assume that ∂Ω is a Jordan curve that is analytic in C, i.e., ∂Ω can be parametrized by a complex function ϕ that is analytic and univalent in an annulus {1/ρ < |z| < ρ} for some ρ > 1. Let ϕ 0 (x 1 , x 2 ) = −e 1 x 1 − e 2 x 2 be an arbitrary uniform field. We denote by
a n p n the conformal mapping from the unit disk D to Ω. Then, z(p) is analytic and univalent in {|p| < ρ * } for some ρ * > 1; see [18, Theorem 3.5] . The Laurent series
with the constants g and h given by (3.6), is analytic in {1/ρ * < |p| < ρ * }. Therefore, the coated inclusion (Ω, D) with g given by (3.11), with any 1/ρ * < r < 1, is neutral to ϕ 0 (x 1 , x 2 ) = −e 1 x 1 − e 2 x 2 . It is worth emphasizing that one can take appropriate b n 's for given external uniform field. In other words, (Ω, D) is neutral to any uniform field with g suitably chosen. 
Numerical examples

E Ω -inclusions of general shape
Let Ω and D be simply connected bounded planar domain such that D ⊂ Ω. We assume that the core D has a constant conductivity, say σ 0 , that is possibly anisotropic, and the core is surrounded by an isotropic coating Θ := Ω \ D with the conductivity σ 1 . We consider the following conductivity problem:
where n is the unit outward normal vector to ∂Ω and g is a given flux on ∂Ω. Further, we assume an uniformity condition for the solution to (4.1):
with some constant e 1 , e 2 . We denote e 0 = (e 1 , e 2 ) = −∇ϕ 0 for the uniform electric field and j 0 = (j 1 , j 2 ) = σ 0 e 0 for the associated uniform current field inside D.
The problem (4.1)-(4.2) is overdetermined. If a certain pair of domains (Ω, D) admits a solution (for some g and e 1 , e 2 ), then we call D an E Ω -inclusion. We will show that any simply connected planar domain, say D, is an E Ω -inclusion for some domain Ω. We construct Ω by using the complex analysis method similar to that in the previous section.
Complex potentials formulation
As in section 3.1 we apply the complex analysis methods in [17] .
By following the derivation in section 3.1, the harmonic function ϕ 1 admits a complex analytic potential function
with the boundary condition
where t is the tangential vector on ∂Ω.
Since Θ is a doubly connected region, there is a conformal mapping from an annulus, say with outer radius R and inner radius r, to Θ. We let this conformal mapping has a Laurent series expansion
We assume that a 0 = 0 and (a 1 ) > 0. The complex potential function w, which is analytic in Θ, also admits a Laurent series expansion in p: 5) where the coefficients b n should be determined to satisfy from the boundary constraints (4.3).
In particular, in view of the uniformity assumption on the internal field (4.2), the boundary interface condition on ∂D implies that
As in the neutral inclusion construction, the complex constants g and h are determined by the electric field in D via the relation (3.6). By substituting the formal series expansion (4.5) in the interface equation (4.6), we obtain
As a Laurent series expansion z(p) and the interior solution ϕ 0 are given, one can construct the solution ψ(p) to (4.1) by (4.7), as long as z(p) and w(p) converges to an analytic function in Θ. Here, the boundary flux on ∂Ω is given by
(4.8) can induce an interior uniform field in any desired direction, by choosing g according to the uniform field direction. Fig. 4 .1 shows examples with coefficients a n that are nonzero only for few small values of the index n. The corresponding boundary flux g in Fig. 4 .2 is less oscillatory than that in Fig. 4.4 . Fig. 4.3 shows examples of E Ω inclusions with the coefficients a n decaying slowly. They are constructed using Appell's hypergeometric function F 1 , given by
Numerical examples
It is well known that Ψ(z) := zF 1 (1/5, 4/5, −2/5, 6/5, z 5 , −z 5 ) maps the unit disc to a 5-pointed star [3] . In this example we set a n = 0.99 n * c n ,
where c n is the z n -component coefficient of Ψ(z) for 1 ≤ n ≤ 100. The corresponding boundary flux g is highly oscillatory, as shown in Fig. 4 .4.
E Ω -inclusion of arbitrary core and (E Ω , Ω ) inclusion
Let ∂D be an arbitrary Jordan curve that is analytic in C, i.e., ∂D can be parametrized by a complex function f (p) that is analytic and univalent in an annulus {1/ρ < |p| < ρ} for some ρ > 1. Let ϕ 0 (x 1 , x 2 ) = −e 1 x 1 − e 2 x 2 be an uniform field. We denote by z(p) = +∞ n=0 a n p n the conformal mapping from the unit disk D to D. As discussed in section 3.2, z(p) is analytic and univalent in {|p| < ρ * } for some ρ * > 1 and, hence, the Laurent series
ga n p n + ha n p −n is analytic in {1/ρ * < |p| < ρ * }. As a conclusion, the core D is an E Ω -inclusions with Ω determined by ∂Ω = {z(p) : |p| = R} for any 1 < R < ρ * , with g given by (4.8). [11, 2] . Roughly speaking, in the hodograph transformation method one constructs D by stretching a slit in the direction orthogonal to the slit. Therefore the boundary of D should have either zero, one or two intersecting points with a line that is orthogonal to the slit's direction.
Note that D is also an E Ω -inclusion for any other Ω such that ∂Ω := {z(p) : |p| = R }, 1 < R = R < ρ * . Fig. 4 .6 indicates several possible boundaries of Ω . The extent to which Ω can be changed from Ω depends on the coefficients a n 's. As shown in Fig. 4 .6, the exterior domain Ω in Fig. 4 .6(a) can be extended to some extent, while only a very small variation of Ω is possible in Fig. 4 .6(b). 
